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Abstract. In this paper, we introduce a generalization of the Stancu- Schurer operators based
on q-integers and get a Bohman-Korovkin type approximation theorem of these operators. We
also compute the rate of convergence by using the first modulus of smoothness and give some
numerical result of operators based on Matlab algorithms.
2000 Mathematics Subject Classification: 41A36
Keywords: q-integers, positive linear operator, Bernstein operator, modulus of continuity
1. PRELIMINARIES
After the construction of q-Bernstein operators by Lupas [13] in 1987 and then by
Phillips [12] many authors studied new classes of q-generalized operators. To show
the extend of this research direction, we mention in the following some achievements
in this field. In [1] O. Agratini introduced a new class of q-Bernstein-type operators
which fix certain polynomials and studied the limit of iterates of Lupas q-analogue of
the Bernstein operators. In [3] Aral and Dog˘ru obtained the uniform approximation
of q-Bleimann- Butzer-Hahn (BBH) operators and in [5] O. Dog˘ru and V. Gupta
studied the monotonicity properties and the Voronovskaja type asymptotic estimate
of these operators. See also the recent paper [2].
T. Trif [11] investigated Meyer-Ko˝nig and Zeller (MKZ) operators based on q-integers.
Some approximation properties of q-MKZ operators were investigated by W. Heping
in [10]. O. Dog˘ru and O. Duman introduced also a new generalization of Meyer-
Ko˝nig and Zeller operators and studied some statistical approximation properties in
[4]. O. Dog˘ru and Gupta [6] constructed a q-type generalization of Meyer-Ko˝nig and
Zeller operators in bivariate case.
A new q-generalization of Meyer-Ko˝nig and Zeller type operators was constructed
by Dog˘ru and Muraru for improve the rate of convergence, see [7].
Gupta and Heping introduced a q-analoque of Bernstein-Durrmeyer operators in [9]
and in 2009 Gupta and Finta [8] studied some local and global approximation proper-
ties for q-Durrmeyer operators. In [10] Gupta and Radu constructed a q-analoque of
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Baskakov-Kantorovich operators and investigated their weighted statistical approxi-
mation properties.
For our study we remind first some elements of q-Calculus. For any fixed real number
q > 0, the q-integer Œkq , for k 2N is defined by
Œkq D

.1 qk/=.1 q/; q ¤ 1
k; q D 1
The q-factorial integer and q-binomial coefficients are :
ŒkqŠD

ŒkŒk 1::::Œ1; k D 1;2; :::
1; k D 0
n
k

q
D ŒnqŠ
ŒkqŠŒn kqŠ .n k  0/
The q-analoque of .x a/n is the polynomial
.x a/nq D

1; if nD 0
.x a/.x qa/::::.x qn 1a/; if n 1
As usual, we note with C.Œa;b/, the space of all real valued continuous functions de-
fined on [a,b]. The space is endowed with usual norm kk given by
kf k D sup
x2Œa;b
jf .x/j.
Let p 2 N be fixed. In 1962 Schurer introduced and studied the Bernstein-Schurer
operators QBm;p W C.Œ0;pC1/! C.Œ0;1/ defined for any m 2 N and any function
f 2 C.Œ0;pC1/ as follows
QBm;p.f Ix/D
mCpX
kD0

mCp
k

xk.1 x/mCp kf

k
m

where Qpm;k.x/D

mCp
k

xk.1 x/mCp k are the fundamental Schurer’s poly-
nomials.
Let p be a non-negative integer and let ˛;ˇ be a real parameters satisfying the condi-
tions 0 ˛  ˇ .
The Schurer-Stancu operator QS .˛;ˇ/m;p W C.Œ0;1Cp/! C.Œ0;1/ is defined for any
m 2N , any f 2 C.Œ0;1Cp/ and any x 2 Œ0;1 by QS .˛;ˇ/m;p f .x/D mCpX
kD0
Qpm;k.x/f

kC˛
mCˇ

:
Lemma 1. For any x 2 Œ0;1Cp the following relations
(1)
 QS .˛;ˇ/m;p e0.x/D 1
(2)
 QS .˛;ˇ/m;p e1.x/D mCpmCˇ xC ˛mCˇ
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(3)
 QS .˛;ˇ/m;p e2.x/D
D 1
.mCˇ/2 f.mCp/2x2C .mCp/x.1 x/C2˛.mCp/xC˛2g
hold where ej .x/D xj .j 2N/ denotes like usually test monomials.
Our aim is to introduce a q-analogue of the above operators. We investigate the
approximation properties of this class and we estimate the rate of convergence by
using modulus of continuity .
2. APPROXIMATION PROPERTIES OF q-SCHURER-STANCU OPERATORS
We will consider in the following that q 2 .0;1/.
For anym2N , pa fixed non negative number and ˛;ˇ a real parameters satisfying
the conditions 0  ˛  ˇ , we construct the class of generalized q-Schurer-Stancu
operators .S .˛;ˇ/m;p;qf /.x/ W C Œ0;1Cp! C Œ0;1 as follows:
.S .˛;ˇ/m;p;qf /.x/D
mCpX
kD0

mCp
k

q
xk
mCp k 1Y
sD0
.1 qsx/f

ŒkC˛q
ŒmCˇq

for any x 2 Œ0;1.
Lemma 2. For the polynomials defined above the following properties hold
(1) .S.˛;ˇ/m;p;qe0/.x/D 1
(2) .S .˛;ˇ/m;p;qe1/.x/D Œ˛qŒmCˇq C
q˛ŒmCpq
ŒmCˇq x
(3) .S .˛;ˇ/m;p;qe2/.x/D
D Œ˛
2
q
ŒmCˇ2q C
q2˛ŒmCp2q
ŒmCˇ2q x
2C 2q˛Œ˛qŒmCpqx
ŒmCˇ2q C
q2˛ŒmCpq
ŒmCˇ2q x.1 x/:
Proof. (1) We use the known identity
nX
kD0

n
k

q
xk.1 x/n kq D 1
which can be proved by induction with respect to n. The left hand side represents
.Bn;qe0/.x/ where Bn;q is the q-analogue of Bernstein operator introduced by Phil-
lips.
If we choose nDmCp, taking into account that
.1 x/mCp k D
mCp k 1Y
sD0
.1 qsx/
we get
mCpX
kD0

mCp
k

q
xk
mCp k 1Y
sD0
.1 qsx/D 1
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Consequently we obtain
.S.˛;ˇ/m;p;qe0/.x/D
mCpX
kD0

mCp
k

xk
mCp k 1Y
sD0
.1 qsx/D 1:
(2) .S .˛;ˇ/m;p;qe1/.x/D
D
mCpX
kD0

mCp
k

q
xk
mCp k 1Y
sD0
.1 qsx/ ŒkC˛q
ŒmCˇq
D 1
ŒmCˇq
mCpX
kD0
ŒmCpqŠŒkC˛q
ŒkqŠŒmCp kqŠx
k
mCp k 1Y
sD0
.1 qsx/
D 1
ŒmCˇq
mCpX
kD0
ŒmCpqŠ.Œ˛qCq˛Œkq/
ŒkqŠŒmCp kqŠ x
k
mCp k 1Y
sD0
.1 qsx/
D Œ˛q
ŒmCˇq C
q˛ŒmCpq
ŒmCˇq x
mCpX
kD1
ŒmCp 1qŠ
Œk 1qŠŒmCp kqŠx
k 1Y.1 qsx/
D Œ˛q
ŒmCˇq C
q˛ŒmCpq
ŒmCˇq x:
We choose q a sequence that q˛m! 1, for m!1 and we have
.S .˛;ˇ/m;p;qe1/.x/! x:
(3) .S .˛;ˇ/m;p;qe2/.x/D
D
mCpX
kD0

mCp
k

q
xk
mCp k 1Y
sD0
.1 qsx/ ŒkC˛
2
q
ŒmCˇ2q
D 1
ŒmCˇ2q
mCpX
kD0
ŒmCpqŠŒkC˛qŒkC˛q
ŒkqŠŒmCp kqŠ x
k
mCp k 1Y
sD0
.1 qsx/
D 1
ŒmCˇ2q
mCpX
kD0
ŒmCpqŠ.Œ˛qCq˛Œkq/ŒkC˛q
ŒkqŠŒmCp kqŠ x
k
mCp k 1Y
sD0
.1 qsx/
D 1
ŒmCˇ2q
mCpX
kD0
ŒmCpqŠŒ˛qŒkC˛q
ŒmCp kqŠŒkqŠ x
k
mCp k 1Y
sD0
.1 qsx/
C q
˛
ŒmCˇ2q
mCpX
kD0
Œkq.Œ˛qCq˛Œkq/ŒmCpqŠ
ŒmCp kqŠŒkqŠ x
k
mCp k 1Y
sD0
.1 qsx/
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D Œ˛
ŒmCˇ2q
mCpX
kD0
ŒmCpqŠ.Œ˛qCq˛Œkq/
ŒmCp kqŠŒkqŠ x
k
mCp k 1Y
sD0
.1 qsx/
C q
˛Œ˛q
ŒmCˇ2q
mCpX
kD0
ŒkqŒmCpqŠ
ŒmCp kqŠŒkqŠx
k
mCp k 1Y
sD0
.1 qsx/
C q
˛Œ˛q
ŒmCˇ2q
mCpX
kD0
Œk2qŒmCpqŠ
ŒmCp kqŠŒkqŠx
k
mCp k 1Y
sD0
.1 qsx/
D Œ˛q
ŒmCˇ2q
.Œ˛qCq˛ŒmCpqx/C q
˛Œ˛ŒmCpqx
ŒmCˇ2q
C q
2˛
ŒmCˇ2q
mCpX
kD0
.qŒk 1qC1/ŒkqŒmCpqŠ
ŒmCp kqŠŒkqŠ x
k
mCp k 1Y
sD0
.1 qsx/
D Œ˛q
ŒmCˇ2q
.Œ˛qCq˛ŒmCpqx/
C q
˛Œ˛ŒmCpqx
ŒmCˇ2q
C q
2˛
ŒmCˇ2q
mCpX
kD0
.qŒk 1qŒkqŒmCpqŠ/
ŒmCp kqŠŒkqŠ x
k
mCp k 1Y
sD0
.1 qsx/
C q
2˛
ŒmCˇ2q
mCpX
kD0
ŒkqŒmCpqŠ
ŒmCp kqŠŒkqŠx
k
mCp k 1Y
sD0
.1 qsx/
D Œ˛
ŒmCˇ2q
.Œ˛qCq˛ŒmCpqx/C q
˛Œ˛qŒmCpqx
ŒmCˇ2q
C x
2ŒmCpqŒmCp 1qq2˛C1
ŒmCˇ2q
C q
2˛ŒmCpq
ŒmCˇ2q
x
D Œ˛
2
ŒmCˇ2q
C q
2˛ŒmCp2q
ŒmCˇ2q
x2C 2q
˛Œ˛ŒmCpqx
ŒmCˇ2q
C q
2˛ŒmCpq
ŒmCˇ2q
x.1 x/:
We used that ŒmCp 1q D ŒmCp 1. 
3. ESTIMATION OF CONVERGENCE
We will estimate the rate of convergence in terms of modulus of continuity. Let
f 2 C.Œ0;b/. The modulus of continuity of f denoted by !f .ı/ gives the maximum
oscillation of f in any interval of length not exceeding ı>0 and it is given by the
relation
!f .ı/D sup
jy xjı
jf .y/ f .x/j ; x;y 2 Œ0;b:
196 CARMEN VIOLETA MURARU
It is well-known that for f 2 C.Œ0;b/
lim
ı!0
!f .ı/D 0;
and for any ı > 0
jf .y/ f .x/j  !f .ı/
 jy xj
ı
C1

: (3.1)
The next result is based on Popoviciu technique for the considered operators in the
terms of first order modulus of continuity.
Theorem 1. If f 2 C.Œ0;1Cp/ thenˇˇˇ
.S .˛;ˇ/m;p;qf /.x/ f .x/
ˇˇˇ
 2!f .ım/ (3.2)
takes place, when
ım D 1p
Œmq
0@ p
1 qm C
1
2
s
1 qmCp
1 qm
1A ; q 2 .0;1/:
Proof. Since ŒmCpqŠ
ŒmCp kqŠŒkqŠ > 0; x
k > 0;
QmCp k 1
sD0 .1 qsx/ > 0 we haveˇˇˇ
.S .˛;ˇ/m;p;qf /.x/ f .x/
ˇˇˇ


mCpX
kD0
ˇˇˇˇ
f

ŒkC˛q
ŒmCpq

 f .x/
ˇˇˇˇ
ŒmCpqŠ
ŒmCp kqŠŒkqŠx
k
mCp k 1Y
sD0
.1 qsx/
Using (3.1) we haveˇˇˇ
.S .˛;ˇ/m;p;qf /.x/ f .x/
ˇˇˇ

 !f .ı/
8<:1ı
mCpX
kD0
ˇˇˇˇ
ŒkC˛q
ŒmCpq  x
ˇˇˇˇ
ŒmCpqŠ
ŒmCp kqŠŒkqŠx
k
mCp kY
sD0
.1 qsx/
C
mCpX
kD0
ŒmCpqŠ
ŒmCp kqŠŒkqŠ
xk
mCp kY
sD0
.1 qsx/
9=;
D !f .ı/
(
1
ı
mCpX
kD0
ˇˇˇˇ
ŒkC˛q
ŒmCpq  x
ˇˇˇˇ
ŒmCpqŠ
ŒmCp kqŠŒkqŠx
k

mCp kY
sD0
.1 qsx/C .S .˛;ˇ/m;p;qe0/.x/
9=;
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Using Cauchy-Schwartz inequality we haveˇˇˇ
.S .˛;ˇ/m;p;qf /.x/ f .x/
ˇˇˇ

 !f .ı/
8ˆ<ˆ
:1ı
0@mCpX
kD0

ŒkC˛q
ŒmCpq  x
2 ŒmCpqŠ
ŒmCp kqŠŒkqŠx
k
mCp kY
sD0
.1 qsx/
1A1=2C1
9>=>;
 !f .ı/

1
ı

.S .˛;ˇ/m;p;qe2/.x/ 2x.S .˛;ˇ/m;p;qe1/.x/Cx2.S .˛;ˇ/m;p;qe0/.x/
1=2C1
Finally, taking into account that 0<x<1ˇˇˇ
.S .˛;ˇ/m;p;qf /.x/ f .x/
ˇˇˇ

 !f .ı/f1
ı
.
Œ˛2
ŒmCˇ2 C
q2˛ŒmCp2
ŒmCˇ2 x
2C 2q
˛Œ˛ŒmCpx
ŒmCˇ2 C
q2˛ŒmCp
ŒmCˇ2 x.1 x/
 2x. Œ˛
ŒmCˇCxq
˛ ŒmCp
ŒmCˇ/Cx
2/1=2C1
D !f .ı/f1
ı
.x2.q˛
ŒmCpq
ŒmCˇq  1/
2Cq2˛x.1 x/ŒmCpq
ŒmCˇ2q
C2x Œ˛
ŒmCˇ.q
˛ ŒmCp
ŒmCˇ  1/C
Œ˛2
ŒmCˇ2 /
1=2C1g (3.3)
Using the inequality .a2Cb2/1=2  jajCjbj and that x 2 Œ0;1 , x.1 x/ 1=4 and
q˛  1; the relation (3.3) becomesˇˇˇ
.S .˛;ˇ/m;p;qf /.x/ f .x/
ˇˇˇ

 !f .ı/
(
1
ı
 
q˛
ŒmCpq
ŒmCˇq  1
2
C 1
4
q2˛
ŒmCpq
ŒmCˇ2q
C2 Œ˛q
ŒmCˇq

q˛
ŒmCpq
ŒmCˇq  1

C Œ˛
2
q
ŒmCˇ2q
!1=2
C1
9=;
 !f .ı/
8<:1ı
 
q˛
ŒmCpq
ŒmCˇq  1C
Œ˛q
ŒmCˇq
2
C 1
4
q2˛
ŒmCpq
ŒmCˇ2q
!1=2
C1
9=;
 !f .ı/
(
1
ı
 ˇˇˇˇ
q˛
ŒmCpq
ŒmCˇq  1C
Œ˛
ŒmCˇq
ˇˇˇˇ
C 1
2
q˛
p
ŒmCpq
ŒmCˇq
!
C1
)
 !f .ı/
(
1
ı
 
qm
1 qmCˇ
ˇˇˇ
qˇ  q˛Cp
ˇˇˇ
C 1
2
q˛
p
1 qp1 qmCp
1 qmCˇ
!
C1
)
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 !f .ı/
(
1
ı
 
qm
1 qm C
1
2
p
1 qp1 qmCp
1 qm
!
C1
)
(3.4)
From q
m.1 qp/
1 qm  ppŒmq it follows that
qm
1 qm 
p
.1 qp/pŒmq  p.1 qm/pŒmq .p < m/:
The relation (3.4) becomesˇˇˇ
.S .˛;ˇ/m;p;qf /.x/ f .x/
ˇˇˇ

 !f .ı/
8<:1ı
0@ p
.1 qm/pŒmq C 12 1pŒmq
s
1 qmCp
1 qm
1AC1
9=;
D !f .ı/
8<:1ı
0@ 1p
Œm
0@ p
1 qm C
1
2
s
1 qmCp
1 qm
1A1AC1
9=;
Let q D qm satisfy 0 < qm < 1, lim
m!1qm D 1 and limm!1q
m
m D c < 1:
Choosing ı D ım D

1p
Œm

p
1 qm C 12
q
1 qmCp
1 qm

as ım! 0 whenm!1
we obtain the desired result. 
0 0.2 0.4 0.6 0.8 1 1.2 1.4
0.4
0.5
0.6
0.7
0.8
0.9
1
 
 
q−Schurer Stancu operator
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FIGURE 1. The approximated function f .x/ D 1=.1C x2/, x 2
.0;1/with the q-Schurer-Stancu operator, q=0.7 ˛D 1=40; ˇD 1=6,
mD 10
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FIGURE 2. The approximated function f .x/ D sin.x/ex with the
q-Schurer-Stancu operator, x 2 .0;1/, q=0.8, ˛ D 1=40, ˇ D 1=6,
mD 20
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FIGURE 3.
In the following we give some numerical results regarding the approximation
properties of q-Schurer-Stancu operators using Matlab algorithms for construction
of operators.
In Fig.3 we notice that for the same function, when 0<q<1 is increasing, the curve
of operator is closer, as follows from the convergence properties of operators given in
Section 2. We notice also that for 0 < ˛; ˇ < 1 the operator is interpolator on ends.
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